In this paper, macroscopic quantum tunneling (MQT) effect of Z 2 topological order in the Wen-Plaquette model is studied. This kind of MQT is characterized by quantum tunneling processes of different virtual quasi-particles moving around a torus. By a high-order degenerate perturbation approach, the effective pseudo-spin models of the degenerate ground states are obtained. From these models, we get the energy splitting of the ground states, of which the results are consistent with those from exact diagonalization method.
I. INTRODUCTION
In quantum mechanics, quantum tunneling effect is a process by which quantum particles penetrate barriers, which are forbidden in classical processes 1 . It is Gamov who pointed out that a single α particle can tunnel through a barrier which introduced "macroscopic quantum tunneling" (MQT) into physics firstly. Macroscopic quantum tunneling effects have been widely applied to different research fields, such as quantum oscillations between two degenerate wells of NH 3 , quantum coherence in one dimension charge density waves, macroscopic quantum tunneling effect in ferromagnetic single domain magnets and quantum tunneling phenomena in biased Josephson junctions. In general, to find MQT in a system, there must exist two or more separated "classical" states with macroscopically distinct. As shown in Fig.1 , a quantum particle may take a short cut from one well to the other without climbing the barrier.
In this paper we will study a new class of MQT -the MQT in Z 2 topological order. At the beginning we give a brief introduction to Z 2 topological order. Topological order is a new type of quantum orders beyond Landau's symmetry breaking paradigm 2, 3, 4, 5, 6 , of which there are four universal properties : 1) All excitations have mass gap; 2) The quantum degeneracy of the ground states depends on the genius of the manifold of the background; 3) There are (closed) string net condensations; 4) Quasi-particles have exotic statistics. All these properties are robust against perturbations. Z 2 topological order is the simplest topological ordered state with three types of quasiparticles: Z 2 charge, Z 2 vortex, and fermions 5 . Z 2 charge and Z 2 vortex are all bosons with mutual π statistics between them. The fermions can be regarded as bound states of a Z 2 charge and a Z 2 vortex. In last ten years, several exactly solvable spin models with Z 2 topological orders were found, such as the Kitaev toric-code model 7 , the Wen-plaquette model 5, 6 and the Kitaev model on honeycomb lattice 8 .
A decade ago, Kitaev pointed out that the degenerate ground states of a Z 2 topological order make up a protected code subspace (the so-called toric-code) free from error 7, 8 . In
Ref. 9 , topological qubit based on the degenerate ground states of a Z 2 topological order has been designed. Then one can manipulate the degenerate ground states by braiding anyons, which has becomes a hot issue recently 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22 . Recently, an alternative approach to design TQC is proposed by manipulating the protected code subspace 10, 11 . The key point to manipulate the degenerate ground states is to tune their MQT effect. Thus it becomes an interesting issue to study the MQT in Z 2 topological order.
In this paper, by using a high-order degenerate perturbative approach, we study the MQT of the degenerate ground states of Z 2 topological order, taking the Wen-plaquette
Model as an example. The remainder of the paper is organized as follows. In Sec. II, the degenerate ground states of the Wen-plaquette model is classified by the topological closed string operators. In Sec.III, the dynamics of quasi-particles are studied. In Sec. IV, the MQT of the degenerate ground states of the Z 2 topological order are formalized on a torus of different lattices. The numerical results are given to compare with the theoretical results.
Finally, the conclusions are given in Sec. V.
II. THE DEGENERATE GROUND STATES AND ITS REPRESENTATION OF STRING OPERATORS
In this section, we study the degenerate ground states of the Wen-plaquette model. The
Hamiltonian of the Wen-plaquette model is given bŷ
and g > 0. σ In the topological order of the Wen-plaquette model, there exist three types of open string i where the product C is over all the sites on the string along a loop C connecting even-plaquettes (or odd-plaquettes), a i = y if i is even and a i = x if i is odd.
For a fermionic excitation, the string operator has a form as W f (C) = n σ ln in with a string C connecting the mid-points of the neighboring links, and i n are sites on the string. One can see the detailed definition of the string operators in Ref.
3 .
To classify the degeneracy of the ground states, we define three types of topological closed- 
For the ground states on a torus of an even-by-even (e * e) lattice, we can define four types of elementary topological closed string operators,
Here C X denotes a closed-loop around the torus along e x -direction and C Y denotes a closed loop around the torus along e y -direction. Due to the commutation (or anti-commutation) charge along e y -direction, of which the loop consists of odd number plaquettes. So we can only define topological closed string operator of Z 2 vortex and Z 2 charge along e x -direction
) and the corresponding fermionic string operator along
we may represent W (C X ) and W f (C Y ) by pseudo-spin operators τ 
Therefore there are two degenerate ground states | m 1 that are the eigenstates of τ Similarly, for the degenerate ground states on an odd-by-even (o * e) lattice there are also two types of closed string operators,
which can be described by pseudo-spin operators τ For the degenerate ground states on an odd-by-odd (o * o) lattice, since the total lattice number is odd, we cannot well define Z 2 vortex or Z 2 charge globally any more. Instead, we can only define a mixed topological closed-string operator, W (C XY ) = C σ a i i where the product C is over all the sites on the string along a diagonal loop C connecting plaquettes.
The index a i = x or y is determined by the position of the plaquettes. Because W (C XY )
anti-commutes with W f (C X ) and
we may represent W (C XY ) and respectively
It is noted that 
III. PROPERTIES OF QUASI-PARTICLES OF THE WEN-PLAQUETTE

MODEL
In this section we study the properties of the quasi-particles of the Wen-plaquette model.
In this model, Z 2 vortex is defined as F i = −1 at even sub-plaquette and Z 2 charge is
at odd sub-plaquette. The energy gap of Z 2 charge and Z 2 vortex is 2g. The fermions that are the bound states of a Z 2 charge and a Z 2 vortex on two neighbor plaquettes have an energy gap of 4g. All quasi-particles in such an exactly solvable model have flat bands. The energy spectrums are E v = E c = 2g for Z 2 vortex and Z 2 charge, E f = 4g for fermions, respectively. In other words, the quasi-particles cannot move at all. In particular, there exist two types of fermions : the fermions on the vertical links and the fermions on the parallel links. Under the perturbation
the quasi-particles (Z 2 vortex, Z 2 charge and fermion) begin to hop 10, 11, 15, 16, 17, 21, 22, 24 . The term h x i σ x i drives the Z 2 vortex, Z 2 charge and fermion hopping along diagonal direction e x −ê y (See Fig.3(a) ). For example, for a Z 2 vortex living at i plaquette F i = −1, when σ x i acts on i +ê x site, it hops to i +ê x −ê y plaquette denoted by F i+êx−êy = −1,
A pair of Z 2 vortices at i and i +ê x −ê y plaquettes can be created or annihilated by the operation of σ x i ,
The term h Fig.3(b) ).
A fact is that the topological closed string operators can be considered as quantum tunneling processes of virtual quasi-particle moving along the same loops. Let us take the quantum tunneling process of Z 2 vortex as an example : at first a pair of Z 2 vortices are created. One Z 2 vortex propagates around the torus driven by operators σ x i and annihilates with the other Z 2 vortex. Then a string of σ x i is left on the tunneling path, which is just the topological closed string operator W v (C). Such a process effectively adds a unit of a π-flux to one hole of the torus and changes m l by 1.
IV. MACROSCOPIC QUANTUM TUNNELING EFFECTS OF THE DEGENERATE GROUND STATES
It is known that the degenerate ground states of Z 2 topological orders have the same energy in the thermodynamic limit. The different ground states can not mix into each other through any local fluctuations. However, in a finite system, the degeneracy of the ground states can be (partially) removed due to quantum tunneling processes, of which virtual quasi-particles move around the torus 2,7,9,10,11 . In general cases, one will get large energy gaps for all quasi-particles and very tiny energy splitting of the degenerate ground states ∆E. Based on such condition, we may ignore high energy excited states and consider only the degenerate ground states. Thus in the following parts we only focus on the ground states that are a four-level (or two-level) system.
A. The high-order degenerate perturbation theory
To solve quantum tunneling problems, people have developed many approaches including the well known WKB (Wentzel, Kramers and Brillouin) method and the instanton approach lately. However, based on semi-classical approximation both above approaches are not available to the MQT of Z 2 topological order. Instead, in this part, we develop a high-order degenerate perturbative approach to calculate the MQT.
The Hamiltonian of the Wen-plaquette model under the external field has a form aŝ
in whichĤ 0 = −g i σ 
According to the Gell-Mann-Low theory, we define a transformation operatorÛ I (0, −∞)
Here T denotes a time order and ℏ = 1. Then the transformation operatorÛ I (0, −∞) in Eq.(19) can be written asÛ
The element of the transformation matrix from the state |m to |n becomes
and the corresponding energy is obtained as
where E 0 is the eigenvalue of the HamiltonianĤ 0 of |m .
For the tunneling process from | m to | n , a quasi-particle will move around the torus that leads to topological closed string operator behind. So in the sum of j, the dominated term is labeled by j = L − 1. L is the length of the loop of a topological string operator W υ (C Λ ) where υ = v, c or f and Λ = X, Y or XY . Then considering the tunneling process corresponding to W υ (C Λ ), we obtain the perturbative energy as
Now it is noted that the operatorĤ IÛ
Considering all tunneling processes, we may denote the ground state energies as a fourby-four matrix (for the four degenerate ground states on e * e lattice) or two-by-two matrix (for the two degenerate ground states on e * o, o * e and o * o lattices),
Finally we can diagonalize the four-by-four or two-by-two matrices and obtain the energy splitting. 
, two types of quantum tunneling processes dominate -the one that Z 2 vortex (or Z 2 charge) propagates around the torus along diagonal direction and the other that fermion propagates around the torus along e y -direction.
For the first tunneling process, a virtual Z 2 vortex (or Z 2 charge) will run around the torus as long as a path with length L 0 that is equal to From Eq.(25), one may obtain the energy splitting ∆E of the two ground states as
Due to the translation invariance, to calculate (
) |↓ , we can choose site i as the starting point of the tunneling process and get
( 1
where |Ψ i is the excited state of two Z 2 vortices (or Z 2 charges) at plaquettes i − e y and i − e x with an energy E 0 + 4g (See Fig.4(a) ). FromĤ 0 |Ψ i = (E 0 + 4g) |Ψ i , we have
In next step, one Z 2 vortex (or Z 2 charge) moves one step, we get
where |Ψ ′ i is the excited state of two Z 2 vortices (or Z 2 charges) at plaquettes i + e x − 2e y and i − e x . See Fig.4(b) . Then step by step, one Z 2 vortex (or Z 2 charge) moves around the torus. When the Z 2 vortex (or Z 2 charge) goes back to its starting point and annihilates with the other, the original quantum state |↓ changes into |↑ . Finally we get the energy
It is noted that L 0 − 1 is an even number.
Because the quantum tunneling process of Z 2 vortex (or Z 2 charge) plays a role of τ x on the quantum states
we obtain the effective pseudo-spin Hamiltonian due to the contribution of Z 2 vortex (or Z 2 charges) as where J x = ∆/2 10,11 .
For the second tunneling process, a virtual fermion will move around the torus along Eq.25, we can get the energy shift of the state |↓ as
with an even number L y − 1. Through the same approach, we get the energy shift ∆E of |↓
Ly −1 . Then an energy difference ε of the two ground states is obtained as
Finally the two-level quantum system of the two degenerate ground states on an o * o lattice can be described by a simple effective pseudo-spin Hamiltonian
= J x τ x + J z τ z get the eigenvalues of the two ground states
The total energy splitting becomes
For the Wen-plaquette model under external field along x-direction, the total energy splitting
On the other hand, for the Wen-plaquette model under external field along z-direction, the total energy splitting ∆E is ε = 16L x L y g(
C. Macroscopic quantum tunneling effect of the degenerate ground states on e * o lattice Secondly, we study the MQT of the two degenerate ground states on an
an even number and L y is an odd number) lattice 25 . Now we map the two-fold degenerate For the virtual Z 2 -vortex (or Z 2 charge) propagating alongê x −ê y directions around the torus, the energy splitting ∆ can be obtained by the high-order degenerate-state perturbation theory as
Because the quantum tunneling process of Z 2 vortex (or Z 2 charge) plays a role of τ x 1 on the quantum states
, we obtain the effective pseudo-spin
Hamiltonian due to the contribution of Z 2 vortex (or Z 2 charge) as where
For the tunneling process of fermion propagating around the torus along directionê y , we obtain the energy difference ε of the two ground states as
The length of the tunneling path is L y which is an odd number. Such tunneling process plays a role of τ z 1 . Finally the two-level quantum system of the two degenerate ground states on an e * o lattice can be described by
where J x = ∆/2 and J z = ε/2. The total energy splitting now becomes
In Fig.6 and Fig.7 , we plot the numerical results from the exact diagonalization technique of propagating alongê x −ê y direction around the torus, and virtual fermion propagating alonĝ e x ,ê y ,ê x −ê y direction around the torus, respectively. We will calculate the ground state energy splitting from the degenerate perturbation approach one by one.
In the first step we study the quantum tunneling process of Z 2 -vortex propagating alonĝ e x −ê y direction around the torus. After such tunneling process, the quantum states 
Thus we may use the pseudo-spin operator τ where ξ is the maximum common divisor for L x and L y .
In the second step we study the quantum tunneling process of Z 2 -charge propagating alongê x −ê y directions around the torus. We may use the pseudo-spin operator τ y 1 ⊗τ y 2 to denote this tunneling process, of which the effective pseudo-spin Hamiltonian is obtained as
In the third step we study the quantum tunneling process of fermion propagating alonĝ e x andê y directions around the torus, of which the pseudo-spin operators correspond to respectively. Now there are a lot of tunneling pathes with same length 2L 0 . Different tunneling pathes can be labeled by the positions of corners, at which the fermions make a turn round from vertical links to parallel links (or parallel links to vertical links). For a path with 2k corners (k is an positive integer number), the topological closed string operator can be written as
with the site i = (i x , i y ) and a neighboring site i + 1. See Fig.8 . Along the closed loops, each operator σ x j corresponds to a corner. Therefore, the number of pathes with 2k corners that is equal to the power of h x in ∆E is obtained as
It is noted that for any path, there are at least two corners. Then after considering the tunneling processes of all possible pathes, the matrix element of τ z 1 ⊗τ z 2 is obtained as
Finally we derive an effective pseudo-spin Hamiltonian of the four ground states as ∧ H eff ≃ J xx (τ For an external field of h x = 0, h y = 0 and h z = 0, all quasi-particles (Z 2 vortex, Z 2 charge and fermion) can move alongê x ,ê y ,ê x ±ê y directions freely. Therefore, to calculate the MQT of the degenerate ground states on an e * e lattice, all nine types of quantum tunneling processes should be considered. The corresponding effective pseudo-spin Hamiltonian of the 
where J xx , J yy , J zz , J zx , J xz ,h (57)) will be studied elsewhere.
V. CONCLUSION
In this paper, we study macroscopic quantum tunneling (MQT) effect of Z 2 topological order in the Wen-Plaquette model that is characterized by the quantum tunneling processes of different virtual quasi-particles moving around the torus. By focusing on the degenerate ground states, we get their effective pseudo-spin models. The coefficients of these effective pseudo-spin models are obtained by a high-order degenerate perturbation approach. With the help of the effective pseudo-spin models, the energies of the ground states are calculated and the results are consistent with those from exact diagnalization numerical technique.
In the future, the approach will be applied onto the MQTs of Z 2 topological order in other models, such as the Kitaev toric-code mode and the Kitaev model on honeycomb lattice.
After learning the nature of the MQT of Z 2 topological orders in different models, one may know how to manipulate the degenerate ground states by controlling the external field and then do topological quantum computation within the degenerate ground states 10, 11 .
